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Parting Thoughts—So Much More
to Discover

W

hen first approached about writing a column
on math for Teaching for High Potential I was a
bit surprised and did not imagine I would be afforded the opportunity to share my thoughts with
the readership over the next seven years. As I sit down to put
pixels on an LED screen for my last column it only seems fitting that I return to my early days as a student teacher. That
year I had several students who forever changed my views
of mathematics—both its nature and how we best learn and
teach it. Several of those experiences are buried deep in past
iMathination columns.
I was always good at school mathematics so I was anxious
to share with my future students all that I had learned. I was
the product of a very traditional math education approach, the
teacher would show us how to get the right answers, we practiced similar problems until she was sure we “got it” and then
did all the problems at the end of the section that did not have
answers at the back of the book. All pieces did not begin to
fall into place for me until well after I left college; a process that
is still unfolding. In his introduction to How Not to Be Wrong:
The Power of Mathematical Thinking (2014) Jordan Ellenberg1,
a mathematician and professor, at the University of Wisconsin,
Madison, shares his answer to the “When am I going to use
this?” question that all teachers have heard. It begins with “Mathematics is not just a sequence of computations to be carried out
by rote until your patience or stamina runs out—although it may
seem that way from what you’ve been taught in courses called
mathematics” (p.2). His book then discusses a number of actual examples of how without an understanding of mathematics
answers to real world questions that seem to be correct can be
wrong—often with drastic outcomes; a recommended read for
both teachers and students of mathematics.
On a first day in my 7th grade math classroom several students
wanted to make sure I knew they were not good at mathematics
and that I should not have high expectations for their success
that year. My response was “how do you know, when have you
never done math?” Their responses all focused on speed of
computation, memorization of facts and rules, and getting the
answer the teacher expected. Not unlike the responses I got
from some of my prospective K-8 teachers last fall. It is a shame
that at an early age our children have reduced mathematics to
“a highly sophisticated intellectual game in which the adepts
display their skill by tacking invented problems.”2
In a roundabout way all these bits and pieces of thoughts
brought me back to a student of mine in my first year as a
classroom teacher. She was an exceptional young lady gifted
in so many ways but had slipped through the cracks as she
had learned to play the intellectual game we called school
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and could keep herself entertained with her poetry after she
quickly finished the day’s assigned tasks. At first I was content
to grant her the freedom to pursue her passion of the moment
but as I got to know her better I found myself trying to find
ways to link her interests and my passion for mathematics as,
by all measures we valued in school, she was an exceptional
math student. What was missing for her was an answer to the
“when are we ever going to use this” question. For her a partial answer came the day I stumbled on a project in an old
Math Counts coaches guide on bedroom renovations. Not too
surprising that a fifth grade girl had ideas on how she might
improve her living space. What was surprising was how voraciously she tackled the project. She had her parents take
her to building supply stores; she did cost trade off analyses,
looked at structural loads, developed budgets and plans and
carried out the project. Writing and poetry were still her first
love, but math provided her the tools to design an environment
where she was inspired to create. Along the way she glimpsed
the true nature of mathematics in applications in her world, not
the invented one of the classroom.
In the closing pages of his book Ellenberg writes, “Every
mathematician creates new things, some big, some small. All
mathematical writing is creative writing. And the entities we
can create mathematically are subject to no physical limits;
they can be finite or infinite, they can be realizable in our observable universe or not…What’s true is that the sensation of
mathematical understanding—of suddenly knowing what’s
going on, with total certainty, all the way to the bottom—is a
special thing, attainable in few if any other place in life” (p. 436437). Teaching mathematics the way I was taught as a child or
the way I approached my first year as a classroom teacher is
like visiting a coral reef but never going beneath the surface of
the ocean to see all the beauty hidden from us. And the beauty
is there as much for the first grader who is learning the organization and structure of our place value system as the AP Calculus students who gain insight into Cauch’s notion of limits
and its impact on Newton’s fluxions (see Ellenberg, p 39–49).
The deeper I dig into the nature of mathematics the more I
appreciate all that mathematics has contributed to our understanding of the world we live in. Those are the connections we
need to help our students discover. THP
A quick look at his blog www.jordanellenberg.com/about/ and
most will agree Jordan would have been a good fit in in a GT
classroom.
2
Polkinghorne, J. (2011). Introduction (p 1-2). In J. Polkinghorne
(Ed.), Meaning in mathematics. New York, NY: Oxford University
Press.
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Learning Outside the Rules:
Lessons from the Past

R

ecently, I had the opportunity to work with a group of
young adults to explore the history of mathematics.
One of the participants became intrigued with the
concept of multiplication and we spent many afternoons discussing how the Egyptians, Babylonians, Mayans,
Romans, and other civilizations might have approached that
operation. Along the way we explored place value and different number systems. As a future math teacher interested in
working with special-needs children she was seeking a deep
understanding of the concepts of multiplication rather than just
procedural knowledge.
Historically, mathematics was typically taught as a set of
rules and procedures. Robert Recorde wrote, The Grounde of
Arts: Teaching the Worke and Practise of Arithemticke, Both in
Whole Numbers and Fractions in 1543, which is one of the first
books on mathematics printed in English. At the time, counting
boards were used for computing products. Recorde felt that
the products of the small digits (under 5) were simple and easy
to find but offered an alternative method for the greater digits
(those above 5). Eagle provides a copy of Recorde’s work and
the following example to find the product of 8 and 7. It might
take you a few times to work through and get adjusted to the
format, but I promise you the effort will be worth it.
Write the digits in a column and draw a cross. Then look at
how each digit differs from 10 and write those values to the
right of each number (here the differences are 2 and 3). Find
the product of the
differences (both
small digits) and
record it under the
differences. To finish the problem
Recorde writes “then I must take one of the differences…from
the other digit (not from his own) as the lines of the cross warn
me and this which is left must I write under the digits.” The
product of 8 x 7 is 56.
Recorde goes on to say this process will work for any digit
greater than 5 so I shared this process with a few elementary students and we soon ran into problems with the process.
What happens when the product of the two differences is
greater than 10? In the example we had the product of differences (2 and 3) was a single digit but when we tried 6 x 7 our
differences were 4 and 3 yielding the two digit product 12. Our
first attempt at using Recorde’s approach yielded answer of
312 which the students recognized as an unreasonable answer but not having access to the full text we had to “fix” the
process on our own.
Our question was why does the process work for 8 and 7
www.nagc.org

MVLTIPLICATION
“For the fmal digettes
under 5, it were but folly
to teach any rule, feyng
thei are fo easy, yt every
child can doo it.”
— R. Recorde
but not 6 and 7? It took some time to explore that question.
Algebraically we could have approached the product of 8 and
7 by writing 8 as 10-2 and 7 as 10-3: (10-2) x (10-3) = 100 – 20
– 20 + 6 = 56 but it is unlikely most of Recorde’s readers in the
1500’s had that background. So the challenge became to create a process that
works for all digits greater than 5.
Recognizing the
place value issues and that the
5 in the example
represented 50,
the students arrived at this modification of Recorde’s approach. The students had found success.
Time spent exploring long-abandoned methods of multiplication can provide the opportunity for rich discussions on the
concepts involved along with the opportunity for students to
see mathematics as a continually evolving field. Try this idea
and others like it with your students, who will value their efforts
more than simply solving problems with “the answers in the
back of the book.” THP
Resources
Visit: http://www.maa.org/publications/periodicals/convergence/
counting-boards-a-counting-board-in-a-strasbourg-museum
Eagle, M. R. (1995). Exploring mathematics through history.
Cambridge, England: Cambridge University Press.
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What’s Art Got to Do With Math?

T

he more I thought about that question the more
difficult it became to separate the two subjects. In
some ways math can be viewed as an art form à la
George Pólya’s seminal work, The Art of Problem
Solving, or the beauty of the mathematics of the ancient
Greeks constructed with just a straight edge and a compass. Or we could consider the concepts of ratio, proportion, perspective, and symmetry found in mathematics,
art, or the work of a talented engineer. One might argue
that mathematics and art require creativity and a willingness to ask questions, explore answers, experiment with
new methods of expression, and take risks. In this issue’s
feature article, The Silent A, Ken Smith makes a strong
case for the linkage of art and mathematics throughout
history. We have only a brief opportunity to explore the
many possibilities in this column so let’s begin with one of
the more well-known connections.
I remember my middle school art teacher telling us about
the golden ratio and its close cousin, the golden rectangle.
While Wolfram’s MathWorld1 suggests that the appearance
of the golden ratio may be exaggerated in the literature, it
is difficult to deny the frequent recurrence of this ratio or
the aesthetically pleasing outcomes when it is applied. As a
quick reminder, or a brief introduction, consider the following from Gary Meisner’s blog.2
Suppose you were asked to take a string and cut it. Each
chosen cut would result in different ratios for the length of

Golden
One one two, three five eight
Sounds so simple, nothing great
Thirteen, twenty-one, thirty-four
The hinges creak on an opening door
A repeating pattern of the masters hand
Signing his work, the universal plan
Learn to look, the pattern’s plain to see
In the smile you flash, the dance of the honeybee
In the spirals of the pine cone and little acorn cap
In spiral arm galaxies and the ocean’s wave whitecap
In the swirl of the seashell, the air vortex of a wing
The hurricane’s eye and a thousand unseen things
Welcome to the mystery of the Greek letter phi
The measurement of beauty to the human eye
The golden ratio, one point six one eight
One, One, Two; Three, Five Eight5

www.nagc.org

the small piece to the large piece, and of the large piece
to the entire string. There is one unique point, however, at
which the ratio of the large piece to the small piece is exactly the same as the ratio of the whole string to the large
piece, and at this point this Golden Ratio of both is 1.618 to
1, or Phi (F).
The ratio is not just 1.618 but, like another well-known
ratio Pi (π), it is an irrational number: F = 1.618033… One
might wonder, why pick such a number to represent the
“perfect” proportion in a rectangle or any other visual image? For me the answer lies in the Fibbonanci sequence.
Fibbonacci (Leonardo Pisano Bigollo c. 1170 – 1250) is
probably best known for the sequence of numbers that carries his name: 1, 1, 2, 3, 5, 8, 13, 21, 34,…with each number
in the sequence found by adding the two numbers before it
2+1=3, 2+3=5, etc). The story goes that he discovered this
pattern by solving a problem in a mathematical competition
common in his day. The problem was “beginning with a single pair of rabbits, if every month each productive pair bears
a new pair, which becomes productive when they become a
month old, how many rabbits will there be after n months?”
But the story does not end there.
The Fibbonacci sequence has been called nature’s numbering system with occurrences found in the arrangements
of leaves on plants, the scales on a pinecone or pineapple,
or the spirals of a nautilus shell. You may also recall the
spiral created by drawing successive squares with side
lengths using the values in the sequence. One can find
numerous images with the spiral overlaid in nature and art
(try searching on the Internet for images of the Fibbonacci sequence and Hurricane Sandy, the Milky Way, or the
Mona Lisa).
Is there a connection between the Fibbonacci numbers,
and the golden ratio, a fundamental relationship in design?
When you begin to look at the ratios between each successive term in the sequence something interesting appears:
5:3 = 1.666…, 8:3 = 1.625…, 34:21 = 1.619…, 610:377
=1.618037…, 987/610 = 1.618032. As the sequence grows
the ratio between the nth and n-1th approaches the value of
F, the Golden Ratio.
Is there a connection between art and math? I offer a
poem by Benjamin Moon for you to consider as you ponder
the question for yourself. THP
References
1 http://mathworld.wolfram.com/GoldenRatio.html
2 http://www.goldennumber.net/golden-ratio/
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How to Lie with Statistics

T

he title for this column is borrowed from Darrell Huff’s
1954 book, How to Lie with Statistics. The book was
revisited in a 2005 issue of Statistical Science and acknowledged as “the most widely read statistics book
in the history of the world” (p. 205). While laced with humor
and written in a causal style, the text also contains substantial intellectual content. A quick Internet search for the text
listed it as required reading on recent courses such as Quantitate Reasoning 32 at Harvard University and Statistics 21 at
the University of California. The first illustration in the book is
a cartoon of two men talking and the dialogue reads, “Don’t
be a novelist, be a statistician. Much more scope for the
imagination.” Listening to my graduate students talk about
their struggles with statistics classes I suspect more than a
few view the subject as an imaginative creation designed to
challenge their intellect. In our sister publication, Gifted Child
Quarterly, the authors take great care to present their data
accurately and to support their findings and recommendations with sound statistical reasoning. Most K-12 students
probably do not encounter such in-depth statistical analysis
in their readings but they still need the skills to understand
the data they encounter.
The American Statistical Association’s (AMSTAT) Guidelines for Assessment and Instruction in Statistics Education
(GAISE) Report seeks statistical literacy for all. While you may
not know (or remember from your stats classes) all the different statistical terms and tests you read about in research
journals, our world is such that we consistently encounter
data as part of an effort to influence the choices we make.
In their 2004 book, Math though the Ages, Bertlinghoff
and Gouvêa describe probability and statistics as two sides
of the same coin. Probability seeks to understand characteristics of an unknown sample of a known collection (what

riculum and include the following topics and skills:
Grade 6
• Develop understanding of statistical variability.
• Summarize and describe distributions.
Grade 7
• Use random sampling to draw inferences about a
population.
• Draw informal comparative inferences about two
populations.
• Investigate chance processes and develop, use, and
evaluate probability models.
Grade 8
• Investigate patterns of association in bivariate data.
High School Statistics & Probability
• Interpreting categorical and quantitative data
• Making inferences and justifying conclusions
• Conditional probability and the rules of probability
• Using probability to make decisions
Waiting until middle school to introduce the statistical
tools and concepts children need to make sound decisions
does a disservice to all and denies our gifted students the
opportunity to engage in critical thinking and seek answers
to their research questions. AMSTAT offers additional resources for K-12 classroom teachers. Information on their
programs in summarized in a PDF flyer at http://amstat.org/
education/pdfs/EducationResources.pdf.
As a discipline, Statistics is young. Bertlinghoff and Gouvêa’s chapter on the history of Statistics (pp. 215-222) begins with an English shopkeeper’s
work in 1662 and the new field of
“Political Arithmetic.” Others who
shared an interest in developing
an understanding of the “mathematics of uncertainty” include
Halley, Bernoulli, Fisher, Galton,
Gauss, Laplace, Legendre, Pearson, Quetele, and Tukey among
many others. Fisher’s 1925 book, Statistical Methods for
Research Workers, served as guide for many generations.
Fisher writes about a summer tea party in Cambridge, England, and a women who tells the guests she could detect a

“Our world is such that we consistently
encounter data as part of an effort to
influence the choices we make.”
is the chance of…), while statistics seeks to extend our understanding of an unknown population from data collected
from a small sample. Unfortunately the distinctions between
the two sides of the coin are often blurred.
Statistics and probability first appear in the Common Core
State Standards for Mathematics in the middle school curwww.nagc.org
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difference between a cup of tea that had milk added after the
tea was poured and one in which milk was added to the cup
first. Dismissed by most in attendance, Fisher designed an
experiment to test her statement. It is a great conversation
or lesson starter for your students, and for you! For more on
the growth of statistics as a discipline see The Lady Tasting
Tea: How Statistics Revolutionized Science in the Twentieth
Century, by David Salsburg. THP
References
Bertlinghoff, W. P., & Gouvêa, F. Q. (2004). Math through the ages:
A gentle history for teachers and others. Washington, DC: Mathematical Association of America.
Franklin, C., Kader, G., Mewborn, D., Moreno, J., Peck, R., Perry,
M., & Schaeffer, R. (2007). Guidelines for assessment and instruction in statistics education (GAISE) report: A pre-k-12
curriculum framework. Alexandria, VA: American Statistical
Association.
Huff, D. (1954, Reissued 1993). How to lie with statistics, New
York, NY: W. W. Norton & Co.
Institute of Mathematical Statistics. (2005). Special section: How
to lie with statistics turns fifty. Statistical Science, 20(3).
Salsburg, D. (2002). The lady tasting tea: How statistics revolutionized science in the twentieth century. New York, NY: Holt Paperback.
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The Problem with Problems

A

few weeks ago my grandson brought a typical
problem from a national text book series to me. The
problem read, “Mr. Shea saved $2,500 in April. His
monthly salary is twice the amount he saved in April.
In May, he saved a certain amount of money. He spent $4,200
more than he saved. How much did he save in May?”
To my grandson the answer was obvious, the expected answer was $800 but there could be others so he had several
questions and wanted to be sure he was reading the problem
correctly.
Some of his questions included:
• What if some of the $4,200 Mr. Shea spent was from his
		 savings account?
• What if some of the money he spent was charged to his
		 MasterCard?
• Why did Mr. Shea spend $1,700 more in May? Did he
		 get a bonus in his check?
• Do I really have to show my work?
If you have worked with gifted students for any length of time
you know the questions can continue for quite some time.
The difficulty with problems from a text book is that they are

about the problem-employing strategies that good readers do in attempt to comprehend, interpret, and evaluate
the problem. When a problem is structured similarly to the
one in the example, with each sentence stepping a student
through the process, there is little opportunity for thought.
While a student can be taught to translate the text to mathematical symbols the language is flat and lacks any appeal to
the imagination. I am reminded of introductory foreign language
courses where students often translate word for word conveying
the meaning but often the phrasing is awkward and unlike what
we would hear in normal conversation. For example, Les enfants
font leurs devoirs de mathématiques translated word for word
would read, the children are their duties of mathematics rather
than the intended, the children are doing their math homework.
The sample problem is typical of many problems students
will see throughout school in their math books and standardized tests designed to provide practice for, and test the knowledge of, specific applications. Students need experience in
interpreting and solving these problems, but if we stop with
the answer we lose the opportunity to explore deeper.
Given a chance to pose their own questions students are
capable of much more. Challenge them to examine and cri-

1. Mr. Shea saved $2,500 in April..............................................................................$2,500
2. His monthly salary is twice the amount he saved in April............. 2 x $2,500 = $5,000
3. In May, he saved a certain amount of money.
He spent $4,200 more than he saved................................................................. -$4,200
4. How much did he save in May?”............................................... $5,000 - $4,200 = $800
often designed to focus on one or two computational skills
rather than complex problem solving. The topic of this chapter was solving multi-step problems. However the problem in
the example above is as much an exercise in reading for understanding as it is in mathematical reasoning. Fluent readers
may struggle with word problems in mathematics when they
employ strategies designed to question and evaluate what
they read. In reviewing my grandson’s homework the majority of the points he lost on his assignments were because he
read too much into the problem, not because his mathematical reasoning or skill was lacking.
In the Fall 2012 issue of The Bridge1 a discussion on how
to tackle the complex, “messy” problems we encounter in
our daily and professional lives suggests that “a transformation in the way a problem is conceived may be a prerequisite for solving it” (p. 8). Problem solvers are asked to think
www.nagc.org

tique the problems given for practice. How could they make
them more interesting or realistic? Why do they think the author chose this problem? What advice would they offer someone who found this problem difficult? How is this problem
like other problems they have solved? Can they write a better
problem? Through questions like these, students are asked to
transform the problem, to understand the purpose in solving
the problem, and link this problem to other mathematical work
they have done and then to refine and improve the problem—a
much richer and more complex process of mathematical
thought than simply writing the answer $800. THP
Reference
1
Metlay, D., & Sarewitz, D., (2012), Decision strategies for addressing complex, “messy” problems. The Bridge: Linking Engineering
and Society, 42(3), 6-16.
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The Search for Talent

I

t seems we are besieged with talent searches on prime
time television but occasionally blessed with the discovery
of a talent that has been hidden for any number of reasons. A quick visit to YouTube provides a number of video
clips of folks whose passion and talent have surprised us all.
Three examples: Norwegian copy machine repairman, composer and pianist Bogdan Ali Ota; homeless boy and singer
Sung-bong Chi in Korea; and vocal talent Susan Boyle, whose
difficult birth caused a learning disability. (clip links provided at
the end of the column) Each was chasing a dream but circumstances hid what they had to offer. There are hidden talents left
undiscovered for a number of reasons in our classrooms. Our
task as teachers is to find and develop them
I’ve often used the analogy that computation is no more
mathematics than spelling is writing. In both cases being fluent
makes the task easier but is not essential for understanding.
In her book Faster isn’t Smarter (published by Math Solutions,
2009), past NCTM President Cathy Seeley shares the story of
Crystal, a ninth grader whose difficulty with fractions would
have limited her opportunities in most Algebra I classes. Cathy
allowed Crystal to use a calculator that was equipped to handle computations with fractions and discovered that Crystal
was one of the best algebraic thinkers she had even known.
Towards the end of the year, Cathy asked her students to
pick a skill to work on mastering (a great differentiated, student choice approach) and Crystal picked fractions. In explaining why, Crystal wrote “The time has come! I’m wasting
too much time using my calculator.” Cathy’s approach provided Crystal the opportunity to learn the beauty of Algebra
rather than spend her time trying to master a skill she found
frustrating. Cathy goes on to share more about Crystal’s life
and her successes but what struck me more was the response Cathy received from an elementary classroom aide
after a professional development session. That person told
Cathy, “I know I was a Crystal. And nobody ever found me.”
How many other Crystals slip through our fingers?
During my time in the classroom I can think of many students who taught me to listen better. Randall was a student of
mine who had been abandoned on the streets of an eastern
European country as a small child. Even with unlimited time
and assistance his performances on textbook assessments
were low. That year I challenged all my students to participate
in Continental Mathematics League. Teachers and students
alike were surprised at the end of the year assembly when I
called Randall forward to receive the first place medal. His
ability to think mathematically emerged when the stress of
grades and specific skill assessments were removed.
Another of my students came to me with a recommendation
www.nagc.org

that he be tested for special education services in mathematics. His previous teacher was concerned when she could not
follow his method of doing long-division. The student’s limited English-language proficiency was hindering his ability to
explain. Once the constraints of doing math the way the text
demonstrated were removed, Khalil’s mathematical talent
emerged, as well as his talents in many other areas. The following year, he was placed in a dedicated gifted and talented
classroom where he continued to be highly successful.
My Crystal was a young Asian girl, Sumiko, whose classroom teacher did not recommend her for an advanced math
program. Her computational skills were not at grade-level
expectations. Sumiko was a quiet and respectful child who
was reluctant to speak up in class. I watched her grow in the
advanced program, becoming confident in her problem solving and communication skills, often the last to leave the room
at the end of the lesson. Her peers sought her out for her innovative ideas on ways to tackle the problems offered.
Katerina’s family was from the opposite side of the globe.
An A student, Katernia had successfully remained “under
the radar.” Much like Sumiko, her reserved demeanor hid
her talents, yet there were glimpses of what she was capable of when she encountered a problem that intrigued and
challenged her. Given an open-ended assessment, Katerina
scored significantly higher than her peers and was quickly
moved into a pull-out program for mathematics.
America has talent waiting to be discovered in our classrooms. Educators need to create every opportunity we can
for students to show off what they can do rather than focus
on “fixing” what they can’t. We need to be willing to take the
risk Cathy Seeley took when she allowed Crystal to use a
fraction calculator in ninth-grade algebra so that she could
move beyond the mechanical, algorithmic part of mathematics (tasks well suited for calculators and computers) and on to
the challenges of sense-making and problem solving where
the real learning of mathematics occurs. THP
Resources
Bogdan Ali Ota
www.youtube.com/watch?v=r-CEEsX8iZE&feature=related
Sung-bong Chi
www.youtube.com/watch?v=d44WO2EVntA
Susan Boyle
www.youtube.com/watch?v=bIbp6Mhq8_I
Crystal’s Story
www.mathsolutions.com/documents/9781935099031_message30.pdf
Continental Mathematics League
www.continentalmathematicsleague.com/cml.html
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Recently I was going through some survey responses from a
group of university undergraduate students who had been
asked to solve problems from elementary school textbooks
and then measured their level of comfort for teaching a lesson
on how to solve similar problems. One response created a
lasting impression. The problem was to create two fractions
that, when added together, would give an answer close to 1.
The response is below and the individual indicated that he
was highly confident that he could teach this successfully.
This individual had completed high school calculus and three
semesters of college mathematics.
I was a bit perplexed, and even if this was a
careless response, I found myself wondering,
how capable this individual was as a mathematical thinker. Here is an individual who by
most standards has been academically successful in his math
classes yet may have little conceptual understanding of what
he studied. Unfortunately, this was not an isolated response to
the survey question as others answered in a like manner.
Chances are that you too have been perplexed by a student’s
response to a mathematical exercise; left wondering what they
were thinking. I cherish those responses as they provide an
entry point to explore mathematics as more than the application of algorithms and rules and to probe deeper into the thinking that successful problem solvers employ. I am currently
reading the work of Dr. Leone Burton, whom I would have very
much liked to have met. She begins her book, Mathematicians
as Enquirers, recalling her first discovery of the difference between classroom exercises and real mathematical problems.
I remember when first faced with the need to solve a problem (not an exercise), my own shock at how little my successful learning of mathematics so far had prepared me. On top of
that shock, I recall also the amazement at how difficult, engaging, and ultimately satisfying was the experience (2004, p.1).
Burton draws a distinction between “mathematical thinking and the body of knowledge (i.e., content and techniques)
described as mathematics” (1994, p.36). In seeking to understand this distinction she parsed mathematical thinking
into its operations, processes, and dynamics. Mention operations in a mathematics class and words like addition, subtraction, square root, and integration may be offered but all
are by-products of thinking that applies relationships, combinations, and iterations. Recognizing patterns, combining
elements in different ways, and repeating this process until
the outcome makes sense is pleasing and fundamental to the
development of mathematical thinking. Watching my 3 yearold grandson line up his vast car collection first in order of
size, then by color, then function and so on until he finds just
the right combination to satisfy him is an a example of this
way of thinking.
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Overlaying process on operations, Burton viewed four
parts: (1) specialization, (2)
conjecturing, (3) generalizing, and (4) convincing.
Here specialization is the
process of exploring many
examples to see if the outcomes are consistent. Conjecture leads to a testable
relationship or pattern that can be generalized to a broader
set of conditions. Finally, mathematical thinkers need to convince both themselves and others that their generalization is
valid. In order to develop proficiency, students may be presented with multiple examples of similar problems. Please
note, I see nothing wrong in practice to build computational
speed and familiarity with mathematical operations and algorithms, but like all things, such tasks are better done in moderation than overindulgence.
Thinking mathematically is a dynamic process full of surprising encounters. As an example, Dr. Burton included the
following problem in her 1994 article. At a warehouse I was
informed that I would obtain 20% discount on my purchase
but that I would have to pay 15% sales tax. Which would be
better for me to have calculated first, discount or tax? (Burton, 1994, p. 42). I posed this question to several of my students and the unanimous choice was to get the discount first
so that they would have to pay less sales tax. All were surprised to discover that the order of calculations had no bearing on the final cost. Many had to try other examples to
before they were convinced. The Common Core Math Standards introduces the associative property of multiplication
in 3rd grade. I am sure that somewhere in the undergrads’
mathematical knowledge data base the associative property is
filed away. How much better would it have been for their development as mathematical thinkers if this surprise has occurred in 3rd grade rather than on a university campus?
It has been a long time since my days as an elementary
school student and yet I still have those ah-ha moments when
something I diligently practiced as a student finally resurfaces
and connects to something I am working on today. As you
are planning lessons and selecting problems to challenge
your students, look for ones that can create surprises and ahha moments for them. ■
References
Burton, L., (2004). Mathematicians as enquirers: Learning about learning
mathematics. London, England: Kluwer.
Burton, L. (1994). Mathematical thinking: The struggle for meaning.
Journal for Research in Mathematics Education. 15, 35–49.
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Have you ever tried to define mathematics? Thinking back
on my first years of teaching and the challenges I had at
times in answering the age-old student question, “why do I
need to learn this?” I thought about how I might answer
their questions today. Defining language arts seems easier
where an acceptable working definition might be the knowledge and skills to effectively communicate in written and
oral forms. Throw in the various forms of literature and writing styles, spend time debating the role of grammar, and
consider cultural implications but the essence of language
arts is communication, and you would be all set. Take a
minute before you read on and think about how you might
define math.
Does your definition include computation, quantity,
measurement, relationships, and accuracy? Are different
fields of mathematics like algebra, geometry, trigonometry, and calculus the essence of your definition? Often we
get so involved in the details that we lose sight of the big
picture. When working with pre-service and in-service
teachers in developing and differentiating curriculum for
gifted learners it is not unusual to find teachers struggling
to define the big ideas they want their students to understand. The teachers can list the standards they want to
cover and provide sample problems for the students to
solve but have difficultly answering the “why is this important?” question. Randall Charles (2005) provides 21
foundational big ideas for elementary and middle school
mathematics. “Relationships,” he says, “can be described
and generalizations made about mathematical situations
that have numbers or objects that repeat in predictable
ways” (p.17).
When I find it difficult to define a concept I try to imagine what the world would be like without it. Try asking
your students to imagine a world without mathematics.
What challenges would they face? Mathematics is deeply engrained in our lives, and in most cases, provides an invisible framework. Ask your students to describe what they did
yesterday and then go back and try to rewrite their description without using any mathematical terms or concepts. If their breakfast consisted of scrambled eggs what
does the word “eggs” mean? How can an item be plural
without the mathematical concept of quantity? They can no
longer write that school starts at 8:15 a.m. as there is no
way to quantify and measure time, not to mention that 8,
1 and 5 are simply lines on a paper with no meaning. Can
things ever be “too hard” again? I think not, as that would
mean we could define the relative relationship between too
hard and too easy. Things can no longer be too big or too
small, too hot or too cold, or fair or unfair. I asked my ninewww.nagc.org

year grandson how he
would tell someone
about his Lego collection if he could not
use mathematical vocabulary and he immediately began to create
a new system of mathematics so that he
could explain size, relationships, and patterns. Young children
recognize quantities, similarities, differences, and relationships long before they can vocalize the terms. By the time
they arrive at school they may not have strong computation
skills but they have been using mathematical concepts for
years.
I am left wondering that perhaps in our efforts to appropriately challenge our gifted mathematicians, we sometimes
try to move our students too quickly through the curriculum,
emphasizing exposure over concepts, in hopes that they will
complete AP Calculus in 10th grade. There is richness in
mathematics that gets left along the way when children are
not provided the opportunities to pause and explore essential questions.
Merriam-Webster’s online dictionary defines mathematics as “the science of numbers and their operations, interrelations, combinations, generalizations, and abstractions
and of space configurations and their structure, measurement, transformations, and generalizations.” I suspect
your definition is similar. I dug a bit deeper and turned to
the Online Etymology Dictionary looking for the origins of
the word mathematics. There I found in part, the following, “…related to manthanein ‘to learn,’ from PIE base
*mn-/*men-/*mon- ‘to think, have one's mind aroused’…”
(emphasis added).
All science can be taught from an historical perspective as
the rhetoric of its conclusions. Our students deserve more.
Students who are challenged, whose minds are aroused, will
learn much more deeply. I am confident in this belief, confident in the mathematical sense. ■
Reference
Charles, R.I., (2005). Big ideas and understandings as the foundation for
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And Waldo Asked,“Where’s Math?”
BY ERIC L. MANN, PURDUE UNIVERSITY
elmann@purdue.edu

I

In thinking about a theme for this issue’s column I remembered a question a student asked several years ago. She was
wondering what math looked like. If she had asked that same
question about literature or art we could have visited a library, or walked through a gallery, “seeing.” How then, does
one show what math looks like? As I thought about the question I was reminded of the Where’s Waldo books
(http://whereswaldo.com/index.html#home). Somewhere
on each page of those books you will find Waldo, though it
is always a challenging task. If I looked at those same pictures
could I find math, too?
The student posed her question long before Google was
a verb, but I, having this powerful search tool, went on an
Internet hunt to find out what math looked like. My first
search term was “find math,” which generated many sites
with an emphasis on finding an answer: find the area, the
factors, the limit, the nth term, etc. Next I tried “looking
for math” only to collect a number of job openings for
math teachers and tutors, links to books, games and contests, and an occasional math blog. Googling “what does
math look like” generated a number of opportunities to
read about different ways math instruction is done and
glimpses into math classrooms but still no image of what
math looks like. One last try, with a variation on the inspiration for this search, I typed in “Where’s Math.” A surprisingly small number of websites were listed (< 400) in a
world where googling just about anything results in over
100 million links.
The first link in the Where’s Math search took me to a 7th
grader’s presentation on the how he found the surface area
of a soccer ball using just one measurement—the length of
the side of a hexagon on the ball’s surface. A great problem!
The narrative that accompanied the solution offered an
insight into the student’s thinking as he created a math
problem, and from an object he valued. Choice, problemfinding, and discourse are powerful ways to connect students to the mathematics in the world around them. Was
this the answer I was looking for or was it simply an activity generated in response to a teacher prompt? Was there a
purpose for finding the answer besides fulfilling a class assignment? More and more, Mathematics remains something
done in the classroom, for a few hours a week, without any
connection to the beauty and wonder of math visualized in
the world. I suspect that the answer to my questions is a resounding “no.”
One way to begin to open up this world of mathematics is
by using Math Trails, a way to help children discover the role
and the beauty of mathematics in their life. Whether a trail
blazer or a hiker, participants are involved in finding and solv-
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ing problems, thinking,
and talking about
mathematics, akin to
taking a walk with a
child or grandchild and
pointing out things
along the way. The Consortium for Mathematics and Its Applications
has made its book on
Math Trails available as
a complementary download. Visit their website
http://www.comap.com/highschool/projects/mathtrails.html
for a downloadable PDF file.
Just as a pocket becomes full of treasures to investigate
upon a return home from a nature walk, Math Trials sparks
ideas for further investigations. For example, let’s suppose
on your “Math Trail” students are challenged to discover the
height of flagpole (without laying it down and measuring it)
and have not yet explored the properties of right triangles.
They are instructed to measure their height and the length of
the shadow they cast. Using those and measurements taken
of the length of the flag pole’s shadow, they have enough information to find the answer. Extending this problem further
could involve exploring the sine and cosine curves, which
typically offer a glimpse into the patterns that occur in mathematics; applying trigonometric ratios as surveyors do to determine distance too far or difficult to measure objects; and
an overall understanding of trigonometric ratios.
A simple discovery? Perhaps, but one with powerful applications. Remember the soccer ball problem? Your more advanced students might enjoy Carl Sagan’s telling of
Erastosethenes’ calculations of the circumference of the
earth. Done more than 1700 years before Columbus set sail
to find a western route to India, Erastosethenes used nothing
more than shadows, sticks, and the length of a man’s pace to
come within 100 miles of the actual circumference. A
clip of Sagan’s video is available on YouTube at
http://www.youtube.com/watch?v=0JHEqBLG650.
So what is the answer to the question, “Where’s Math?” The
answer is easy. Everywhere. It is found in the cell phone you
use, the petals of a flower, the harmonics of music, and even
the tires on the school bus. Math has been with us throughout history. It began as tally marks on a stone long before letters and words were needed to record and convey
information, and remains in the intricacy that allows the keys
that I type on to produce this column. Open up the world of
Mathematics for your students. Let them find math. Let them
show you math. ■
www.nagc.org
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A math class begins with a reading assignment where students learn how architects design classrooms to be student
friendly. Following a little Q&A, students are presented with
a challenge to develop a plan for a classroom “makeover.”
They are given some data on a variety of companies, and are
also given constraints such as number of workers that can be
on-site at one time and deadlines for completion. The task:
develop a budget proposal for the project.
You will find problems much like this one in an article by
Eric Chan (2008) from the National Institute of Education in
Singapore advocating the use of model-eliciting activities
(MEAs) in math class. Chan views MEAs as one way to address
mathematical reasoning and communication in the classroom. MEAs present a powerful approach to introducing students to mathematics applications in ways that link situations
they might encounter in life. Hopefully, this column will
spark an interest for you.
MEAs are currently employed across all grade levels, and
include their use in undergraduate engineering programs
that engage students in solving information rich, interdisciplinary problems. High School students also encounter similar problems in upper level mathematics, physics, or
technological design courses. Chamberlin and Moon (2005)
proposed the use of MEAs as a tool to develop and identify
creatively gifted mathematics students in the middle grades.
At the Queensland University of Technology, Professor Lyn
English’s research includes the use of MEAs with students in
the primary grades.
In their work, English and Watter (2004) have used MEAs
with children as young as 8 years old. Their students move
beyond problems presented with clear goals, a defined solution process, and all the required data, to problems where the
children have to interpret the problem and goals, deal with
ambiguity, and evaluate and defend their solutions; a process
English describes as “mathematization.” This happens both
within the social context of small-group work and in the presentation of the solutions to an audience. “…such engagement
involves children in multiple activities, where significant mathematical constructs are developed, explored, extended, and
applied; the end product is a system or model that is reusable
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in a range of contexts” (English, 2004, p. 208). Further
development of MEAs for
classroom applications and
research on the impact on
student learning is ongoing.
Managing an MEA in your
classroom uses many of the same strategies needed for successful open-ended, inquiry-based projects. Cynthia Ahn and
Della Leavitt at the O.A. Thorp Elementary School in Chicago
have developed a Teacher’s Guide for implementing MEAs.
Finding MEAs for primary and middle school classrooms has
certainly been a challenge but as more examples are becoming available, they gain popularity as an alternative to more
traditional problem-solving approaches. Sources I use include the MEA library at the University of Minnesota. It takes
a bit of work to get there but you’ll find directions on the
MEDIA Project’s website at http://modelsandmodeling.net/
MEA_Library.html. There you will find directions to the K-12
library. Case Studies for Kids at Purdue University is another
favorite and the MEDIA Project page provides a link. When
you are ready to try developing your own, the essential principles of MEAs are concisely outlined in the Science Education Resource Center at Carleton College (SERC) Pedagogy in
Action online library—http://serc.carleton.edu/sp/library/mea
/what.html.
Experience in working with mathematical models will
change the way both you and your students view mathematics. Students will still need skill-based instruction but MEAs
provide the reasoning, application, and communications aspects—all essential skills for the 21st century but lacking in
classrooms where only computation and procedures are emphasized. ■
References
Ahn, C., & Leavitt, D. (2007). Implementation strategies for model-eliciting
activities: A teacher’s guide. Proceedings of the Thirteenth International Conference on the Teaching of Mathematical Modeling and
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Robert Krulwich, an NPR science correspondent, has a blog on
the NPR website, Krulwich wonders. His December 16, 2010,
post introduced me to the works of Vi Hart who describes herself as a recreational mathemusician. I’ve since spent several enjoyable hours exploring her website (http://vihart.com)
watching her mathematical doodling videos and then creating
my own. I was soon back to the Internet looking for other interesting math videos, both for my own enjoyment and to share.
The first one that is on the top of my “must see” list for all current and future math teachers is Dan Meyer’s talk on TED entitled Math Class Needs a Makeover (http://www.ted.com/
talks/dan_meyer_math_curriculum_makeover.html). Dan was
a high school math teacher for six years before heading off to
Stanford on a doctoral fellowship. His video shares several
ideas of ways to engage your students in meaningful problemsolving activities rather than the contrived and often scripted
textbook problems. After hearing Dan speak, you’ll want more.
I recommend his blog, http://blog.mrmeyer.com, too.
One common theme I found embedded in both Vi and
Dan’s websites is a passion for creating mathematics experiences that both engage and develop students. Math is often
described as an art form. Paul Lockhart, whose A Mathematician’s Lament was introduced to me in Mr. Krulwich’s
blog, suggests math is the purest of the arts. This particular
blog entry provides a copy of the lamentation in which Paul
describes a fictional nightmare shared by art and music
teachers—students exposed to a variety of skills with no context. For example, when the artist in his dream asks the high
school Advanced Placement Paint-by-Numbers teacher why
colleges care about the course, the teacher replies, “If a student is planning to major in one of the visual sciences, like
fashion or interior decorating, then it is really a good idea to
get their painting requirement out of the way.” Unfortunately, I have heard similar responses in real life from math
teachers, both mine and ones with whom I have worked.
The problem is that very few truly understand what mathematics is all about. When my middle school students told
me they were “no good” at math, my response was always,
“When have you done any?” The conception of mathematics
that these students had was one of computational accuracy,
speed, and the ability to recall the right formula at the right
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time. In the course of the
“mathematics education”
they lost their curiosity and
creativity; something that
lies at the heart of the discipline. Paul writes…“there is
nothing as dreamy and poetic, nothing as radical, subversive and psychedelic as mathematics.” If this sparks an interest you can read more on The
Devlin’s Angle, a column on the Mathematical Association of
America’s website, http://www.maa.org/devlin/devlin_03_
08.html. Hopefully it will raise questions and spark ideas on
how to improve the way you share the love of mathematics
with your students.
Changing the way mathematics is taught is like trying to
change the direction a glacier is moving—and hopefully math
education won’t suffer the same fate as most of the world’s
glaciers. I recently ran across the term “curriculum technician” as an alternate title for teachers. When I see mathematics programs that are scripted with 7 minutes allowed for
discussion here and 3 minutes for describing a formula there
I have to wonder how close to technicians we have asked our
math educators to become. Change is needed and we can either be the instruments of that change or we can wait and
have it imposed upon us. A favorite message on educational
reform I share with anyone who will listen is Sir Ken Robinson’s talk on Changing Education Paradigms. You can view
the 12-minute version at http://www.youtube.com/
watch?v=zDZFcDGpL4U.
There are many gifted future mathematicians who will become lost if the way they experience mathematics in the classroom does not change. We could have even lost Paul
Lockhart, whose interests in math at 14 were developed outside of the classroom. I’d like to end using his words:
“Mathematics is the art of explanations. If you deny students the opportunity to engage in this activity—to pose
their own problems, to make their own conjectures and
discoveries, to be wrong, to be creatively frustrated, to
have an inspiration, and to cobble together their own
explanations and proofs—you deny them mathematics
itself.” ■
www.nagc.org
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When I share the new NAGC P-12 Gifted Programming Standards with the undergraduate elementary education students
I work with this fall and ask them how this applies to the
teaching of mathematics I will be surprised if many fail to see
the relationship between them and instruction in mathematics. They are, for the most part, general education majors and
exploring the pedagogy of gifted education is further down
their professional development path. Yet, employing gifted
education methods in the general education classroom provides all students with a richer, more diverse experience while
connecting with individual needs and interests (Gubbins, et.
al. 2002). For many of my students, content standards have
become a series of items to be checked-off as “covered” and
programming standards are something for administrators to
worry about. Yet, the two must go hand-in-hand to provide
our students the best possible learning experience. As I read
through the new programming standards applications to the
teaching of mathematics were everywhere. Three areas are
particularly relevant for aspiring mathematicians: self-understanding (Standard 1), competence (Standard 4), and educational opportunities (Standard 5).
Our students need engaging activities that respect both their
strengths and differences. There are a variety of ways to approach and solve a problem, yet there are numerous accounts
of students who had all the right answers but failed the test
because the work was not shown. It is frustrating for some children to explain steps that are intuitive to them. As educators
we need to be able to ask the right questions to probe for
deeper understanding. One of my favorite quotes focuses on
a teacher disappointed in the students solving a problem via a
method he had not taught. This should be cause for celebration and an engaging classroom discussion, not disappointment. These discussions with students in class should focus
on both the individual problem and solution methods and the
applications of the mathematical concepts in a variety of settings and cultures. The field of ethnomathematics, the anthropology of mathematical ideas, provides opportunities to
connect our students to the influences that have shaped the
way mathematics is portrayed in traditional textbooks.
The topic of competence in the new standards; personal, social,
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and communications, are areas that
resonate with the way mathematics
education should be approached.
Personal competence includes selfawareness, self-advocacy, and self-efficacy, to name a few, yet in a
traditional classroom, opportunities
for risk tasking and explorations may be lacking. For our gifted
and talented students the opportunity to move beyond replication of procedures: to engage, discuss, and debate solutions creates an environment where personal competence can develop. In
such a learning environment vital social skills are developed as
students interact with peers, both chronological and intellectual.
On a particular dreary February New England day, my seventh-grade students were less than engaged so I asked what
they wanted to discuss. An outspoken student suggested we
talk about the number 7 and rising to his challenge we had
an hour-long discussion on the properties of a single number. Some of the questions posed were
• What does it mean to be a prime number?
• Can you use multiple primes to create an equation whose
answer is 7? Is there a limit to the number of equations you
can create?
• Why is one not a prime?
• Why is 7 important in psychology?
• What is a Messene prime? A double Mesenne prime?
• Why is 7 thought to be a “lucky” number?
• Why are there 7 days in a week?
For fun check out the Wikipedia entry for 7 (number) and
the Prime curious page for 7 http://primes.utm.edu/cu
rios/page.php/7.html
In these explorations and discussions students are engaging in deep and rich mathematical discussions while developing competence in their ability to articulate mathematical
concepts and reasoning skills.
Educational opportunities articulated by programming standard 5 opens the door to provide our students not only the
means to move through the grade level curriculum at an accelerated pace but also to pause and explore concepts in a
continued on page 9
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continued from page 5
deeper context. Students can wrestle
with questions like:
• How do the concepts and procedures we’re learning apply in different settings/professions?
• These kinds of problems are really interesting, what kind of careers
share my interest?
• Why is it important that I know this?
How does this idea/concept/process
apply to the “real” world?
The new NAGC programming
standards address the need to focus
on students’ conceptual, social, and
intellectual growth in addition to
the chronological checklists of academic achievement independent of
the discipline. If you teach multiple
subjects consider how to integrate
them across the disciplines. If you’re
a single subject expert, look for
ways to work across disciplines to
increase learning opportunities and
develop self-awareness in your students. ■
Reference
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Open-ended problems are essential for use in developing the
creativity, thinking, and skills needed to solve the kinds of
problems not found in textbooks. If the folks at NASA had
not had the ability to think beyond the textbook, for example,
Apollo 13 might have had a different and tragic ending. In an
Introduction to Gifted Education course, a high school calculus teacher wrote a reflective response to a discussion on
creativity that illustrates the kind of “ah-ha” realization I wish
I could create for every math teacher.

“

…I gave a Calculus exam that had an open-ended question on it…this year I paid much closer attention to how
the students responded and reacted to the question. Almost every student who made a comment mentioned
that particular open-ended question: how difficult it
was, how they were clueless on how to do it and (for
some) how unfair they thought it was because it didn’t
look like anything from the homework. The ironic thing
is, the class performed wonderfully on the question!
They were exactly on track with their thinking, and
though I was aware of at least three common methods
for correctly solving the problem, two students came up
with equally valid methods I had never considered or
seen before! One of those unique, elegant solutions
came from a student who had complained most vehemently that she had no idea how to work the problem!

“

My students’ lack of confidence in their own excellent
responses caused me to consider my instruction. Have I
been giving them enough experience with openended, creative exercises? Have my questions and assignments been too black and white? Have I been
spending enough time emphasizing the existence of
multiple approaches and encouraging imaginative
methods? During class I now pause to carefully consider
my next question. I take time to explore student responses more deeply during class, asking for elaboration,
alternative solutions, or an extension instead of simply
plowing ahead to the next bullet point in the curriculum.
I am having more fun, my students are much more engaged, and I am already seeing improved learning and
understanding as a result. How refreshing to find that
such a simple method produces profound results!

It didn’t look like anything from the homework. Do we really
want students who can only solve problems that are like the
ones they have seen before? Students should be able to demonstrate their mastery of problem-solving strategies and computawww.nagc.org

tional fluency just as they should be
able to construct well-written paragraphs and be fluent spellers; however those skills alone do not make
students into mathematicians or
writers. Without open-ended problems, students are not adequately
challenged to think beyond the textbook or teacher-demonstrated methods.
Equally valid methods I had never considered or seen before.
If we only assess one right answer or method, students become convinced that mathematics is a discipline that relies
more on memorization of algorithms than on creative thought.
“This gives students the idea that there is a book somewhere
with all the right answers to all of the interesting questions,
and that teachers know those answers…That’s so unlike the
true nature of mathematics” (Henkin, 1981, p. 89). How boring math would be if we already knew all the answers!
Lack of confidence in their own excellent response. Lacking
confidence is a result of learning to pass the test, not learning to understand. Students should question their answers
as much as they should answer questions. If the answers
don’t make sense, or if students need to rely on formulas and
algorithms to solve a problem, how much do they really understand about mathematics?
I am already seeing improved learning and understanding as
a result. Rather than causing us to lose instructional time,
open-ended problems enrich the little time we have with our
students. Working together, discussing and defending answers creates a more engaging and enjoyable experience for
both teachers and students.
Reflect on the questions highlighted in bold in the teacher’s
response. Are you challenging your students to think or are
you simply stuffing their brains with facts and formulas? Can
they (and will they) tackle tough problems and persist until
they find an answer? Or have they become victims of math
timed tests where quick solutions are valued over thoughtful
ones? Getting to the heart of these questions has the potential
to produce instruction that is much more effective and engaging. If you have an ah-ha realization like the one above, be
sure to let me know! ■
Reference
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teaching students. Boston: Birkhäuser.
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M

My lesson plans for the day were brief. It was still the first
week of school, and my eighth-grade students were a little intimated by being in a high school geometry course. I wasn’t
expecting a particularly dramatic class, just a few foundational
definitions, “A postulate is a statement that is accepted without
proof. It contrasts with a theorem that is a statement that is
proven with postulates.” They dutifully copied down the
notes. There was a brief pause. “Wait, are you saying math can’t
be proven?” I smiled and said in a way I was, explaining the
foundations of math were agree upon, but we couldn’t prove
them. “You mean it’s all fake?” I laughed as I answered, yes, it
is all made up, but that doesn’t make it fake. Questions were
coming faster now. “Who dreamed this all up?” “If it’s fake, why
do we have to learn it?” “Why am I just now finding this out?”
The whole class was focused; I felt like I was about to pull
back the curtain and reveal that the Wizard of Oz was a fallible human. The class continued and we talked about how
people came up with the ideas of mathematics. I gave examples of the ruler postulate, where people agreed that we
could measure objects and compare the measurements and
how a shape is called a square because someone decided that
an object with those properties would be called a square.
The students were able to grasp the idea that math is a socially
constructed set of ideas. Mathematics has cultural foundations
created by people in a particular time and place (Berlinghoff &
Gouvea, 2004), it is “not a God-given finished product designed
for rote learning” (Tzanakis & Arcavi, 2000, p. 206). They were
beginning to see that once we agree upon a foundation (perhaps Euclid’s axioms), that all of geometry can flow logically. Letting kids in on the secret means that math is no longer
information to be memorized; they can construct it themselves.
Open discussions have major implications for the ways students
see mathematics and themselves. Students should realize that
mathematics was created by people like them, and my gifted students love knowing mathematicians were once students that
could outsmart their teachers. Telling the story of a young Gauss
helps students find kindred spirits in mathematics. The story states
that Gauss was challenged by a teacher to find the sum of the
whole numbers from 1 to 100. He surprised his teacher by solvwww.nagc.org

ing the problem quickly. Another class found inspiration from the
Pythagoreans; a group devoted to their teacher and mathematics.
When students realize that mathematics is socially constructed it creates a place for their mistakes. Finding an incorrect solution in math class does not mean that you are not
smart enough to master the material. Hadamard (1945)
spoke of the “not infrequent” errors (p. 49) of experts in the
field. By telling students the back story of mathematics, they
allow themselves to ask important questions and have doubts
about mathematics, recognizing mathematicians can turn
these into discoveries (Tzanakis & Arcavi, 2000). Finally,
knowing that people created mathematics allows students to
see the style in different solutions (Daniel, 2000). Too often
we teach one method of solving a problem. It might be
widely accepted or the most efficient, but rarely will a good
problem have only one solution. Teaching students that personal preference and style are integral parts of mathematics
is another way for our students to see they belong.
When the bell rang on the day my students discovered math
is created, they were surprised. One shook her head, “It’s like
I just found out Santa Claus isn’t real.” Another grinned, “I
can’t wait to tell my [younger] sister it’s all made up. It’ll totally freak her out.” I may have been the most surprised of all.
A lesson that I thought was going to be dull opened the door
to authentic mathematics. One is working on his own system
of postulates and theorems; he’s going to call it “Alex math.” ■
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For most students, their introduction to algebra is the beginning of their transition from concrete to abstract mathematical thought. Students who have done well in early
mathematics classes may find this shift difficult and may even
question their mathematical talents. It is important to share
with students the historical development of mathematics so
that they know every concept now taught was the result of
struggle, hard work, and debate. For example, the negative
numbers debate lasted more than 200 years. In 1843 Busset
attributed the failure of the teaching of mathematics in
France to the admission of negative quantities. He felt compelled to declare that such mental aberrations could prevent
gifted minds from studying mathematics (Schubring, 2005,
p. 571). Knowing that the entire mathematical community
struggled with the concepts validates the struggles our students face. Yet all too often that information is not shared
with students or teachers.
The formula for finding roots to a quadratic equation
is one of the landmark Algebra 1 formulas. A

traced back to the Babylonians in 1700 B.C. (Allaire &
Bradley, 2001).
At this point some of your
students may claim this is all
“algiberish” but notice that
there is no formula used or
equation written in al-Khwarizmi’s solution. The algebra that
is taught today did not exist, yet such problems were routinely solved. Many of the solution methods were developed
geometrically. This is the history behind teaching today’s students to solve quadratic equations by completing the square.
The term literally means “completing a square,” yet is often
interpreted as simply a technique to create an equation of
the form x2 = y. By leaving out the historical piece, the beauty
and elegance of the mathematics is reduced to a set of rules
to be memorized.
In today’s classroom, to solve x2 + 10x = 39 by completing the square students would add
to both sides of the

review of current Algebra 1 textbooks found the concept introduced somewhere after page 500, often simply as a statement of the formula with a few worked examples. In
presenting it this way, students miss the richness of the mathematical thought that preceded the formula. The Greeks,
Egyptians, Babylonians, and Hindus all contributed to Algebra and it was the Arabic mathematician, al-Khwarizmi whose
book, al-Kitab al-mukhtasar fi hisab al-jabr w’almuqabala
or The Compendious Book on Calculation by Competition
and Balancing, that introduced Algebra to the European
community when it was translated into Latin in 1140 as Liber
algebrae et alumcabala. The word algebra comes from the
Arabic al-jabr and the Latin algebrae.
In the text al-Khwarizmi describes his solution for the problem x2 + 10x = 39 as follows:
…a square and 10 roots are equal to 39 units…take onehalf of the roots just mentioned…multiplied by itself gives
25, an amount which you add to 39 giving 64. Having taken
the square root of this, which is 8, subtract from it half the
roots, 5 leaving 3. The number 3 represents one root of this
square. (see http://turnbull.mcs.st-and.ac.uk/history/Biogra
phies/Al-Khwarizmi.html for the complete description).
The number of roots refers to the coefficient of the x term,
in this case 10. Symbolically, al-Khwarizmis’ paragraph reduces to
or
. This formula can be

equation resulting in

8

| SPRING 2009

which simplifies

to (x + 5)2 = 64 with x = 3 being the positive root (negative
roots were still a few centuries in the future).
Using the geometric method, it might have been solved in
the following manner. The
equation x2 + 10x can be represented by the shaded area in
5x
25
the diagram. We know that area
of the shaded portion is 39. The
dimensions of each 5x rectangle
are 5 and x giving us the sides
x2
5x
of the unshaded square of 5
units. The sides of the new
square are now (x+5) and its
area is 39 + 25, or 64. We have
completed the square and we
know the area is (x + 5)2 = 64. The London artist, Martin
Dace, has a brief webpage that illustrates the geometric
method at http://www.dace.co.uk/al_khwarizmi.htm along
with an elegant development of the formula we teach in
school.
We need to return to the origin of mathematics and share
with our students the opportunity to explore the development of the discipline. This is not an easy task, as such opportunities are not often provided to K-12 students. It is,
www.nagc.org
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however, a journey well worth taking. To get started, check
out Agnesi to Zeno: Over 100 Vignettes from the History of
Math published by Key Curriculum Press (1996), or
http://www.herkimershideaway.org/ for more resources. ■
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I suspect we have all done some variation of the water jug
problem several times during our mathematical development. You know the problem. You have three unmarked jugs
that hold various quantities of water and you need to accurately measure a different amount that can be obtained by
some combination of the jugs you have. It is thought that
Siméon Denis Poisson, a 19th century mathematician, had
his interest in mathematics sparked when he encountered
the problem. “Two friends who have an eight-quart jug of
water wish to share it evenly. They also have two empty jars,
one holding five quarts, the other three. How can they each
measure exactly 4 quarts of water?”
In 1942, Abraham Luchins created a series of water jug
problems that he used in a problem-solving experiment. A
subset of those problems was used by Derek Haylock (1985)
with 250 11 and 12-year-old students. Before you read further, try to solve the problems below.

approaches to teaching mathematics focus on one concept
at a time and the practice
problems are often a series of
progressively more difficult
problems employing the same
solution strategy. We ask our
students to learn an algorithm
or master a procedure, give
them practice problems, and then use similar problems to assess their skills. At some point students become mechanical in
their approach. As a result, when they encounter a problem for
which the procedure does not work they determine that the
problems are too hard. Our students need opportunities to explore problems through a process of problem solving and not
just by following a pre-determined path. When we learn to
write we are taught grammar and spelling and then are asked
to apply what we learned in order to create
Measure Out Jug A holds Jug B holds Jug C holds Your Solution a variety of products such as short stories,
business letters, or sonnets. In teaching
Ex
55 units
10 units
63 units
2 units
B–A+C
students
to read, we ask them to look
1
52 units
10 units
64 units
1 unit
deeply
into
the choices the authors made
2
14 units
100 units
124 units
5 units
to create the story they share with us. For
3
3 units
10 units
17 units
2 units
math, students need the opportunity to
4
100 units
21 units
127 units
3 units
move beyond the vocabulary, symbol
5
20 units
23 units
49 units
3 units
usage, and computation to apply what they
have learned in creative ways.
6
5 units
50 units
65 units
5 units
One way to involve your students in
When solving problems we are often taught to look for pat- solving problems, not just finding answers, is to use probterns. In the problem above most people discover a solution lems that engage students in a search for meaningful soluthat works for all six. However, while the solution pattern tions. The best problems are the ones that you create or tailor
works it is not always the most efficient way to solve the prob- to meet the needs and interests of your students. Start by
lem. If you solve all six problems the same way (and odds are using some of the math competition texts. MathCounts pubmost of you did) take a moment to go back and see if there lishes a yearly school handbook with great problems from
is a simpler way to solve any of the problems.
which to choose. Each year there are a few Extended ActiviWhat Luchins (1942) and Haylock (1985) found is that indi- ties that make great anchor activities or projects for your stuviduals tend to become mechanical in the way they approach dents. Samples are available on the MathCounts website at
a particular set of problems. This is known as the Einstellung http://mathcounts.org/Page.aspx?pid=319. The time invested
effect, when a set successful procedure is applied consistently in providing your students with these types of opportunities
even when it is less efficient or inappropriate. In Haylock’s will help them to develop metacognative, computational, and
study, 70% of the students used the same approach to solve all procedural skills that mathematicians employ. ■
six problems, 11% discovered a simpler way to solve one of the
problems and 11% solved two of the problems using a more ef- References
Haylock, D.W. (1985), Conflicts in the assessment and encouragement of
ficient approach (8% said the problems were too hard).
mathematical creativity in schoolchildren. International Journal of
When I talk with teachers, I often hear stories about how stuMathematical Education in Science and Technology, 16 (4)547-553.
dents were taught a topic but later in the year seemed to have
forgotten everything they were taught. Might this not be an- Luchins, A. S. (1942). Mechanization in problem solving. Psychological
Monographs, 54, No. 248.
other version of the Einstellung effect? Many of the traditional

8

| WINTER 2009

www.nagc.org

F:B&

[?3F:[`Sf[a`
4k7d[U> ?S``BgdVgWG`[hWde[fk
W^_S``2bgdVgW WVg

;

` faVSkÃe eUZaa^ W`h[da`_W`f _SfZW_Sf[Ue eWW_e fa ZShW fZW dWbgfSf[a` Se TW[`Y S
V[XX[Ug^fegT\WUfTgfa`WfZSf[ehS^gST^Wfag`VWdefS`V IZkVaagdefgVW`febWdUW[hW
_SfZW_Sf[Ue[`fZ[eiSk15ag^V[fTWfZSffZWW_bZSe[e[`fZWfkb[US^_SfZW_Sf[UeU^See
daa_ [e aXfW` a` dSb[V^k X[`V[`Y S ea^gf[a` fa S bdaT^W_1 ;e fZW efgVW`f iZa VaWe `af
cg[U]^keWWfZW_WfZaVgeWVfaea^hWSbdaT^W_fZWa`WiZaZSe`af_W_ad[lWVS^^fZW
dg^WeS`VbdaUWVgdWefZWa`WiZaefdgYY^Wei[fZZ[eadZWd_SfZXSUfeiZa`WhWdfZW^Wee
WhW`fgS^^kSdd[hWeSfSUaddWUfea^gf[a`S`k^WeefS^W`fWV[`_SfZW_Sf[UefZS`fZWa`WiZa
cg[U]^kSdd[hWeSfSUaddWUfea^gf[a`1
FZWbdaT^W_eiWW`Uag`fWd[`fZWdWS^iad^VSdWaXfW`_WeekS`V[`Ua_b^WfW DWS^bdaT
^W_efS]Wf[_Wfaea^hW [`ha^h[`Y WXXadf S`V bWde[efW`UW  FZWZ[efadk aX _SfZW_Sf[Ue[e
d[UZ i[fZ WjS_b^We aX bdaT^W_e fZSf [`ha^hWV fZW iad] aX _g^f[b^W [`V[h[VgS^e ahWd ^a`Y
bWd[aVe aX f[_W  4W[`Y ST^W fa X[`V fZW UaddWUf S`eiWd cg[U]^k dW_W_TWd fZaeW f[_WV
Ua_bgfSf[a`S^fWefe[e`a_adWS_WSegdWaX_SfZW_Sf[US^ST[^[fkfZS`fZWST[^[fkfaebW^^
[eS_WSegdWaXSY[XfWVid[fWd BdaX[U[W`Uk[`fZWeWSdWSe[eSe[_badfS`fSeUa_bgfSf[a`S^
bdSUf[UW 3^^bdaT^W_efZSfbdWeW`fV[XX[Ug^fkdWcg[dWSYdWSfVWS^aXbSf[W`UWS`VadYS`[
lSf[a`S^ e][^^ fa iad] fZdagYZ   :aiWhWd iZW` bdaT^W_e SdW g`[`fWdWef[`Y S`V ea^gf[a`
X[`V[`Yg`dWiSdV[`YfZWefgVW`feÃWXXadfS`Viad]SdWbWdUW[hWVSeiSefWV DWS^[`efdgU
f[a`S^hS^gWUa_WeSXfWdfZWea^gf[a`iZW`iWSeSU^SeeV[eUgeeiZkfZWefgVW`feh[Wi
fZWbdaT^W_eSeV[XX[Ug^f FZWefgVW`feÃdWX^WUf[a`eSdW[^^g_[`Sf[`YS`VaXfW`VW_a`efdSfW
S `Sddai h[Wi aX _SfZW_Sf[Ue Se fZW Sbb^[USf[a` aX dg^We S`V S^Yad[fZ_e S h[Wi fZSf
VW_afWefZWV[eU[b^[`WfaS`[`WdfegT\WUf
FaaaXfW`efgVW`feh[WifZW[dfWSUZWdSefZWa`WiZaZSefZWS`eiWdS`V[XSe]WVaXfW`
W`agYZ i[^^ WhW`fgS^^k eZSdW fZW eWUdWf ]`ai^WVYW STagf fZW _WfZaVe fa Sdd[hW Sf fZW
UaddWUfS`eiWd ?gUZ^[]WfZWV[XX[Ug^fbdaT^W_e_kefgVW`feaXXWdWVZa_Wiad]bdaT^W_e
SdW h[WiWV Se S` WjWdU[eW [` bSf[W`UW dSfZWd fZS` S` abbadfg`[fk fa VWhW^ab S VWWbWd
g`VWdefS`V[`Y aX _SfZW_Sf[Ue  FWjfTaa]e aXfW` Ua`fd[TgfW fa fZ[e bdaT^W_ Tk V[ef[^^[`Y
fZW_SfZW_Sf[UefaSeWfaXefWbefaXa^^aiS`VSeWd[WeaXbdaT^W_efZSfUS`TWegUUWee
Xg^^kea^hWVTkfZWSbb^[USf[a`aXfZWeWefWbe IWZShWS^^eWW`efgVW`feiZaVaiW^^a`
Za_Wiad]bdaT^W_eWfeUa`e[ef[`YaXdagf[`WbdaT^W_efZSfXaUgea`Se[`Y^WUa`UWbfTgf
efdgYY^Wa`fWefeS`Vcg[llWeiZWdWfZWkZShWfaUZaaeWiZ[UZ_WfZaVfageWfaea^hWS
bdaT^W_ FZWeWSeeWee_W`feSdWaXfW`fZWX[deff[_WefgVW`feSdWSe]WVfaVW_a`efdSfW
fZW[d\gVY_W`f[`VWbW`VW`UWS`VUdWSf[h[fk[`X[`V[`YSea^gf[a`fabdaT^W_ 

[` fZW See[Y`WV eWUf[a`  Ea^hW fZW bdaT^W_
[X kag US` ad id[fW fZdWW cgWef[a`e STagf
fZW bdaT^W_ iZ[UZ a`UW S`eiWdWV i[^^
ZW^b kag ea^hW fZW bdaT^W_  6gd[`Y _SfZ
f[_W efgVW`fe iWdW b^SUWV [` bWWd Ydagbe
S`V Y[hW` fZW abbadfg`[fk fa bdWeW`f fZW[d
ea^gf[a`e S`V Se] fZW[d cgWef[a`e  ;X fZW
Ydagb `WWVWV ZW^b fZW` ; efWbbWV [` Tgf
afZWdi[eWfZWefgVW`feiWdWdWeba`e[T^WXad
fZW[d Za_Wiad]  3f fZW W`V aX WSUZ iWW]
WSUZ efgVW`f UZaaeW bdaT^W_e ZW ad eZW
ZSViad]WVa`S`Vfgd`WV[`SbadfXa^[afZSf
VW_a`efdSfWVS`g`VWdefS`V[`YaXfZW_SfZ
fab[UeUahWdWVfZSfiWW] 3ffZWTWY[``[`Y
efgVW`fe efdgYY^WV i[fZ fZ[e SbbdaSUZ Tgf
i[fZfZWd[YZfegbbadfS`VW`UagdSYW_W`f;
eSie[Y`[X[US`fYdaifZ[`fZW[d_SfZW_Sf[US^
bWdXad_S`UW 
;`3Uf[`Y3df[ef>[]W[`fZW5^Seedaa_#++)
;`fWd`Sf[a`S^ DWh[Wie a` ?SfZW_Sf[US^
7VgUSf[a` :Sdf_gf =Z^Wd idafW À?aVWd`
VSkUa__WdUWZSe`ageWXadbgb[^eYdSVg
Sf[`Y Xda_ eUZaa^ iZa ZShW TWW` fdS[`WV
fa _WUZS`[US^^k ea^hW bdaT^W_e [` WjSUf^k
a`WbdWY[hW`iSk[ W ^[]WS_SUZ[`W Á4W
S` Sdf[ef [` kagd U^Seedaa_ S`V W`UagdSYW
kagd efgVW`fe fa ^aa] TWka`V dg^We S`V
S^Yad[fZ_e S`V [`efWSV WjbWd[W`UW fZW
[_SY[`Sf[a`S`VUdWSf[h[fk[`ha^hWV[`Va[`Y
_SfZW_Sf[Ue

;ZShWZSVegUUWee[_bdah[`Y_kefgVW`feÃ_SfZW_Sf[US^fZ[`][`YSeiW^^SefZW[dbWdXad
_S`UWa`efS`VSdV[lWVfWefeUadWeTkge[`YfZWXa^^ai[`YefdSfWY[We FZWX[def[efaUSdhW
agf ea_W f[_W Vgd[`Y fZW iWW] Xad TafZ _k efgVW`fe S`V _keW^X fa iad] a` fZW eS_W
bdaT^W_  ;X kag SdW fdS[`WV Se S` W^W_W`fSdk fWSUZWd UZS`UWe SdW a`W aX kagd dWSV[`Y
[`efdgUf[a`S^efdSfWY[We[efaeZSdWi[fZkagdefgVW`fekagd^ahWaXdWSV[`YTafZfZdagYZ
dWSV[`Yi[fZkagdefgVW`feS`VS^^ai[`YkagdefgVW`fefaeWWkagSeS`Sh[VdWSVWd FZSf
eS_WefdSfWYkZSeiad]WVXad_Wi[fZ_SfZW_Sf[Ue BdaT^W_e;X[`V[`fWdWef[`Y;Ã^^aXfW`
eZSdWi[fZfZWU^See IZ[^WfZW_SfZW_Sf[Ue_SkTWSTahWfZW[d^WhW^\gefSe_kbWdea`S^
dWSV[`YeW^WUf[a`eSdWaXfW`STahWfZW[ddWSV[`Y^WhW^e;US`_aV[XkfZWbdWeW`fSf[a`ea
fZSffZWefgVW`feZShWSUZS`UWfaeWW_kfZagYZfbdaUWeeS`VeWW_WSeS_SfZW_Sf[
U[S` Iad][`Ya`bdaT^W_efaYWfZWdUdWSfWeSUa__g`[fkaXbdaT^W_ea^hWdeiZ[UZS^^aie
_k efgVW`fe fa h[Wi _W [` fZW da^W aX ^WSd`Wd dSfZWd fZS` e[_b^k S V[ebW`eWd aX d[YZf
S`eiWde 3efZWY[XfWVUaadV[`Sfad[`S_[VV^WeUZaa^;WjfW`VWVfZ[eefdSfWYkTWka`VfZW
_SfZW_Sf[UeU^Seedaa_ZSh[`YTafZefgVW`feS`VfWSUZWdeUa_bWfW[`SbdaT^W_ea^h[`Y
Ua_bWf[f[a` FWSUZWdeS`VefgVW`feV[eUgeeWVfZWbdaT^W_e[`fZW^g`UZdaa_S`VVWTSfWV
S`eiWde [` fZW ZS^^iSk  7hWdka`W iSe Va[`Y V[eUgee[`Y S`V VWXW`V[`Y _SfZW_Sf[US^
bdaT^W_eeag`VST[f^[]W6dab7hWdkfZ[`YS`VDWSV1 

9dagb bdaT^W_ ea^h[`Y S`V _SfZW_Sf[US^ Ua_bWf[f[a`e ebSd]WV V[S^aYgW S`V bdah[VWV
abbadfg`[f[We fa WjUZS`YW V[XXWdW`f h[Wie Tgf fZW dWS^[fk aX eUZWVg^We S`V Ugdd[Ug^g_
Yg[VWe^[_[fWVfZWf[_WiWUag^VVWhafWfafZaeWSUf[h[f[We Ea;^aa]WVXadafZWdiSke
fa YWf efgVW`fe [`ha^hWV [` _SfZW_Sf[US^ V[eUgee[a`e a` bdaT^W_e fZWk Xag`V [`fWdWef
[`Y ;Xag`VfZSf_SfZZa_Wiad]iSeXdgefdSf[`Y-efgVW`feaXfW`V[V`afUa_b^WfW[fS`V
YdSV[`Y W[fZWd faa] gb [`efdgUf[a`S^ f[_W ad _k ai` bdWbSdSf[a` f[_W  3 efdSfWYk fZSf
iad]WVi[fZ_S`kaX_kU^SeeWeiSefaS^^aifZWefgVW`fefaeW^XeW^WUffZW[dZa_Wiad]
bdaT^W_e   FZW dg^We iWdW XS[d^k e[_b^W  B[U] fZW fZdWW bdaT^W_e kag fZ[`] SdW ZSdVWef

@Sf[a`S^3eeaU[Sf[a`Xad9[XfWV5Z[^VdW`Bg^^AgfEgbb^W_W`ffa5a_bSeeBa[`feEbd[`Y$""*

THP-4

THP-5

iMATHination
By Eric L. Mann, Purdue University
elmann@purdue.edu

M

athematics and Beauty: Aesthetic Approaches to Teaching Children (Sinclair, 2006)
has quickly become one of my favorites. In her book, she discusses the importance
of encouraging our students to act as mathematicians and to view their work in ways they
value and find pleasurable and satisfying. In support of her work she includes the following quotation.
Instead of starting with mathematical ideas, and then applying them we should start
with problems or tasks, and as a result of working on these problems the children
would be left with a residue of mathematics… that mathematics is what you have
left over after you have worked on problems.
Approaching mathematical instruction in this way allows our students to do much more
than learn how to apply mathematical methods in solving problems with known solutions.
They become practicing mathematicians, solving problems within a relevant contextual
framework that leads to layered, rich, and deep understanding of the concepts involved.
Rather than working day after day on problems that are constructed to emphasize
clarity and consistency, students learn how to cope with the uncertainty and ambiguity
they encounter when faced with a problem-solving situation. Rather than formulating and
solving problems, most mathematics textbook problems provide students opportunities to
rework problems someone else has framed for them. In the video, Let Us Teach Guessing,
Polya (1966) talks about these kinds of problems as uninteresting; the mathematics is all
done and finding the solution is simply a matter of applying rules and procedures to replicate someone else’s work. In contrast, Brown (1993) views mathematical problem solving
as a condition that involves ambiguity and doubt; a process that provides challenge where
students must be persistent in their search for a solution. With this approach, learning
mathematics becomes more than simply learning rules and rhymes presented through
direct instruction (Sinclair, 2006).
As an example, Sinclair (2006) tells us about the work of Zoe. The task she presented her
students was to develop a classification system for polygons. Zoe’s approach was based
on symmetry; either the polygon had a line of symmetry or it did not. A group of her
classmates choose a different approach based on the number of sides of a polygon. Each
system was mathematically appealing and relevant to the students involved. When asked
which system of classification was “better” Zoe responded, “You can’t really say that one
is better, they are just different” (Sinclair, p. 5). When pushed further Zoe admitted that
she found her system more interesting than simply counting the number of sides. She
could have picked a different basis for classification but her choice involved a concept she
found appealing. In defense of her approach she discussed the binary nature of her system in contrast to the infinite number of categories possible when classifying by number
of sides. A great deal of mathematical thinking was involved in analyzing and defending
her choice over other methods chosen by her classmates. Zoe is developing the habits of
mind needed to be a mathematician.
How can we create these kinds of situations for our students? I suggest the use of literature and non-fiction writing found in everyday newspapers and magazines. There are
a number of great books out there to begin with such as Enzensbeerger’s (1997) The
Number Devil; Peterson and Henderson’s (2000) Math Trek: Adventures in the Math Zone;
Pappas’s (1997) The Adventures of Penrose the Mathematical Cat; or, Neuschwander and
Geehan’s (2003) Sir Cumference and the Sword in the Cone. My current favorite is Conned
Again, Watson: Cautionary Tales of Logic, Math, and Probability by Bruce, (2001). Each of
the 12 chapters presents a different case solved by Sherlock Holmes using mathematics,
yet the mathematics is not explicitly presented but rather left for the reader to explore.
In Chapter 7, “Three Cases of Unfair Preferment”, Holmes and Watson encounter several
situations where an understanding of probability is necessary to solve the case. One of
these situations involves a game in which three fair coins are tossed in succession. The
objective is to choose one of the eight sequences that are possible. You win if your choice

occurs before that of your opponent. Bruce
describes the conditions under which the
game is played and Watson concludes that
the game is fair only to later have Holmes
point out the error in his thinking.
There are several ways I might use this
chapter in my classroom. One would be to
read the text to the student up to the point
where Watson presents his theory and then
ask the students to agree or disagree and
defend their position before reading further.
Another might be to read the chapter in its
entirety and then ask the students to create
similar cases to share with their classmates.
Yet a third option would involve asking
students to search current news articles
for similar problems. The emphasis for students becomes the finding and solving good
problems and then presenting and defending their solution(s). This provides them
opportunities to engage in mathematical
processes rather than just replicating the
work of others. I cannot think of a better
way to instill a deep, rich appreciation for
the power of mathematics in our students.
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Technology Untangled
By Brian Housand, the University of Connecticut
brian.housand@uconn.edu

That was Then; This is Now:
Sputnik at 50 and the Google Lunar X Prize
That Was Then…
October 4, 2007, marked the 50th anniversary of the launch of Sputnik by the Soviet Union.
This event was not only a technological marvel and milestone in science, but Sputnik also
represents a watershed in the history of gifted education. In a single moment, a chord of
fear was struck in the hearts of Americans. No longer was the U.S. the leader in intellectual
innovations. Our sense of pride was crushed because the greatest minds of the enemy had
outperformed us. The educational community responded with what Tannenbaum (1979)
referred to as a “total talent mobilization” of the best and brightest students. As a result,
gifted students were identified and acceleration, grouping, and telescoping opportunities
were instituted in schools where programming had not previously existed. Gifted students were expected to excel in higher-level content and rapidly advance to more difficult
course work to “fulfill their potential, and submit their abilities for service to the nation”
(Tannenbaum, 1979, p. 12).
50 years later, the Soviet Union no longer exists and many of the gifted programs inspired
by Sputnik have long since fizzled. Just as in the pre-Sputnik era, despite the dedicated
work within the field of gifted education, little attention and resources are being devoted to
identifying and providing services for the gifted. However, we may be on the brink of what
could be a new Sputnik for the 21st century.

This Is Now…
Google has teamed with the X Prize Foundation to sponsor a global race to the moon. While
it has been over 30 years since anyone has explored the moon and it may be another
decade before any government agency decides to return, the Google Lunar X Prize, will
award up to $30 million to any non-government team that is able to land a craft on the
moon and can complete the mission goals. The grand prize of $20 million will be awarded to
the first team to successfully soft land a craft that is capable of roving at least 500 meters
and transmitting a Mooncast back to Earth. A Mooncast consists of a high-resolution panoramic photograph taken from the surface of the Moon, a self-portrait of the rover on the
surface, HD video, and a transmission of a cached set of data loaded before the launch. In
order to win the prize, the mission must be accomplished before December 31, 2012.
An additional $5 million in bonus prizes may be awarded if additional goals are accomplished
such as traveling more than 5 kilometers, photographing any Apollo mission artifacts, surviving a frigid lunar night (approximately 14.5 days), or discovering ice or water. Not to
dissuade other teams from pursuing the goal, the second team to accomplish the primary
goals of the mission will receive $5 million.
While it is highly unlikely that a group of your current students will win the prize, this event
can serve as a catalyst to motivate your students to pursue careers in the areas of science, technology, and math. To help capture the attention of your students, use the Google
Moon tool to see photographs from the Apollo lunar missions and the locations from which
they were taken. Also, when planning any study of space, do not overlook the wealth of
free educational resources available from NASA. They have developed a curriculum unit
entitled, “Exploring the Moon,” designed to promote problem solving, communication skills,
and teamwork. Finally, not to be missed is a new feature embedded in the latest edition of
Google Earth called Sky. This function allows you to explore the heavens using the same
interface as Google Earth. You can search for specific stars, planets, constellations and galaxies, or you can fly through space. Additional content, such as the Hubble Showcase and
the User’s Guide to Galaxies, is available via the dynamic layers.

While the world has changed dramatically
over the past 50 years, the pendulum of
education reform seems to have swung
back to a pre-Sputnik era. In the age of
NCLB, little attention is being paid to our
talented youth. In a globalized world that
has become increasingly “flat” (Friedman,
2007), we should consider what the reaction will be if a group does win the Google
Lunar X Prize particularly if this group is
not from the U.S. What will this mean for
the American education system? Will this
be a sign, as Sputnik was, that we are not
adequately preparing our youth to participate and compete on a global level? Could
this be a rebirth of the golden age of gifted
education?
A generation of bright young people was
inspired by the launch of Sputnik and the
future of what could be. Certainly, most
of us in gifted education know the story of
Homer Hickam and the “rocket boys” who
were roused by the launch of Sputnik. Now,
with the Google Lunar X Prize, we may be
inspiring a new generation to gaze up into
the October sky and discover a whole new
future.
For more information visit:
Google Lunar X Prize at http://www.googlelunarxprize.org/
Google Moon at http://www.google.com/
moon
Google Earth / Sky at http://earth.google.
com/sky/skyedu.html
NASA’s “Exploring the Moon” Educator’s
Guide at http://www.nasa.gov/audience/
foreducators/topnav/materials/listbytype/
Exploring.the.Moon.html
Brian Housand at http://brianhousand.
googlepages.com
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iMATHination
By Eric L. Mann, Purdue University
elmann@purdue.edu

As teachers, the classroom environment we create and the tasks we choose for our
students have a significant impact on our students' learning. We want all our students
to do mathematics with a deep conceptual understanding and the ability to use their
mathematical knowledge in new ways to solve “messy” problems – the kinds of problems encountered in real life but not often found in textbooks or worksheets. Students
need to move beyond memorization of facts, algorithms and formulas and to engage in
higher-level mathematical tasks.
Our perception of what it means to do mathematics is shaped by our experiences and
opportunities. Most, if not all, of us have been in mathematics classes where the teacher
demonstrates a procedure and then students replicate and practice while the teacher
hopes the students master the procedure. Yet outside the classroom we seldom encounter a set of 30 similar problems that need to be solved with only 30 to 45 minutes of
effort. Real problems can take days, weeks, or even years to solve. This disconnect
between classroom math and math in the real life may be one of the reasons we so often
hear the question, “why do we need to learn this?” In the May, 2007 edition of Phi Delta
Kappan, Nick Fiori has a short article entitled, Four Practices Math Classrooms Could do
Without. If you can find a copy I highly recommend you take a moment to read it. In
the article he writes,
Most of my mathematician friends and I are only able to solve about two
problems a year – if we’re lucky! Tell a mathematician you’ve solved
even five problems in a single day, and the first thing she will think is,
“They must not have been very interesting problems” (p. 695).
While it took many years of hard work and practice to get to Nick’s level, the message
here is that the kinds of problems we offer our students are more important than the
number of problems. For high-ability students a worksheet of 30 similar problems are
either quickly finished with little cognitive engagement or avoided at all cost while one
intriguing problem may hold a child’s interest for days.
Choosing good problems is not easy. A student’s prior knowledge, interests, age, and
experiences, both in and out of the classroom, should all be considered. But even the
best problems can fail to engage students in a classroom environment that doesn’t
reward risk taking and creativity. Henningsen and Stein (1997) found that the lack of
adequate time, the pressure to cover all the material, or student appeals to be “taught”
the way to solve the problem may cause the teacher to reduce the complexity of the
task. This shifts the cognitive demands from the student to the teacher and the student
thought processes to application of procedures rather than conceptual understanding. If
the classroom focus is on coverage and accuracy, students are denied the time needed to
think and explore mathematical ideas. High level mathematical abilities become equated
with speed and accuracy while opportunities to develop understanding and mathematical
habits of the mind are lost.
Knowing your students is essential in selection of mathematical tasks. Without such an
understanding, the tasks you choose may not appeal to the students, be too hard or too
easy. George Polya’s (1965) three principles of teaching stress active learning, motivation, and consecutive phases. The best motivation comes from tasks students find interesting. Active learning involves “letting the students discover by themselves as much as
feasible” (p.104) when dealing with the mathematical concepts. He advocates a Socratic
approach to instruction over the didactic approach more often used in mathematics
instruction. With this approach we seek to avoid the mistake of dues ex machine, the
introduction of a “device … which leads to the result all right, but the students cannot see
for their life how it was humanly possible to discover such a trick which appeared right
out of the blue” (p 120). So let your students ask questions or ask questions they might
ask by themselves and let your students give the answers or pose answers found.
Consecutive phases bring to our students a broader range of experiences than routine problems can offer. Just as spelling and grammar exercises are useful tools in
the instruction of language, routine problems are useful too. However just as limiting
instruction to spelling and grammar denies our students opportunities to use and appreciate the richness and beauty of language, offering only routine problems does the same
in mathematics. Polya believed that the foremost goal of teaching is to teach our stucontinued on page THP-14
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dents to think. Through Socratic dialogue
students are involved in the formulation of
the problem as well as the application of
procedures to solve it. Polya writes, “the
formulation of the problem may be the
better part of discovery, the solution needs
less insight and originality than the formulation” (p.105). The phases of instruction
begin with an exploratory phase where
students work through concrete experiences and moves to a more conceptual
level where terminology and definitions
are presented and procedures are “discovered.” The final phase is assimilation
where students integrate the new concepts into their personal understanding of
mathematics.
As the school year begins, I encourage
you to choose carefully the mathematical problems and experiences you offer.
I also invite you to explore your own
ideas about mathematics because without
some experience in the creative mathematical activities, it is difficult to help
or even recognize the creative activities
of your students. Several of my favorite
sources of mathematical problems are
available at http://www.edci.purdue.edu/
elmann/MathResourceText.html and Nick
Fiori offers several problems I’m looking
forward to exploring at http://www.stanford.edu/~nfiori/
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By Eric L. Mann, Purdue University
elmann@purdue.edu

A

s I was thinking about a title for this column, a late night infomercial was on the
television. The word Math-O-Matic popped into my head. I quickly rejected it as it
brought to mind visions of little children entering a device and, after few bells and whistles, emerging as computationally fluent “mathematicians.” Yet the word won’t go away.
This semester I have 18 prospective middle and high school math teachers preparing to
enter student teaching. I asked each of them for both his/her best and worst memory
of mathematics classes. Without fail their responses centered not on the subject but
the teachers. The best teachers created curiosity, challenged them, respected their
effort and honored risk taking. The others must have had a Math-O-Matic somewhere
in the teacher’s tool kit. Those teachers taught one way, did not understand why some
students might not “get it” and followed the 3Rs teaching philosophy – Recite, Replicate,
and Regurgitate.
It would be interesting to survey both kinds of teachers to see what they hold to be
the meaning of mathematics but that is a bit difficult to do. Pause for a moment and
either visualize or verbalize your conception of what it means to do mathematics. Now
consider how often you provide your students opportunities to do mathematics. Are they
replicating or creating? Are they regurgitating or defending? Which classroom would
you want to be in?

Paul Halmos was most likely a gifted child. He entered the University of Illinois at 16
and earned his Ph.D. when he was 22. He went out to have a prestigious career in mathematics. In 1968 Halmos wrote an article entitled Mathematics as a Creative Art, which
is found in P.R. Halmos: selected expository writing (1983, Springer-Verlag). In that
article, Halmos views mathematics “as having very little to do with numbers” (p. 252) or
“deterring the heights of mountains by trigonometry, or compound interest by algebra, or
moments of inertia by calculus” (p. 253). At one time these were all problems of interest but now they are so well understood that mathematicians spend little time on them.
Our students need to encounter these problems, struggle with and master them but
that should be just the beginning. Consider your classroom; once students understand
a concept do they quickly lose interest in solving related problems and begin looking for
a new challenge? Or do they view mathematics as the rapid completion of the problems
at the end of the section in the text book? The first group of students is well on their
way to becoming mathematicians if they are provided the appropriate opportunities, the
others may have adapted to the drudgery of replication and regurgitation.
Halmos found his efforts in describing mathematics and how mathematicians do it
incomplete and uses what he labels a tiny and trivial problem to illustrate his ideas.
The problem is to determine how many matches would be played in a tennis tournament involving 1025 players if a player is eliminated after a loss (a single elimination
tournament). Before you read on see if you can solve the problem. There are multiple
methods to solve this problem, as there are to all good math problems. The brute force
method is to start with round one (512 matches with one player sitting out), then round
two (256 matches with one player sitting out) until you’ve eliminated all but one player
then sum the number of matches played. Someone with some more experience might
recognize 1025 = 210 + 1 and use a formula for the sum of a geometric progression to
arrive at the answer. Halmos suggests a third method, one that offers an example of his
view of mathematics. It doesn’t involve computation or formulas or even numbers, just
time to think. Each match has a winner and a loser. Winners play on, losers sit out. This
continues until there is one player left, thus there must be the same number of matches
as there are losers. If there are 1025 players and only one winner there must be 1024
losers and 1024 matches played. Try this problem, or a variation, with your students and
see what solutions methods they attempt. Let them present their methods to the class
and discuss the advantages and disadvantages of each, then posed a different problem.
I think I’ll try a 64-team tournament and once the students have explored their different
solution methods for that problem tell them that 15 teams didn’t show up and asked
them for the new number of games to be played.
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Creativity: An Essential Element in Your
Mathematics Classroom
Eric L. Mann, Purdue University

We have known for some years
now…that most children’s mathematical journeys are in vain
because they never arrive anywhere, and what is perhaps worse
is that they do not even enjoy the
journey. (Whitcombe, 1988)

A

s a classroom teacher I often wondered why my students did not share
my enjoyment of mathematics. For me,
mathematics was both challenging and
intellectually stimulating and I wanted my
students to share the pleasure I found
in tackling a tough problem. I became
increasingly frustrated, not only by my students lack of interest, but also the discovery that many of my fellow teachers and
most parents shared the view that math
was hard and something to endure, rather
than to explore and enjoy. Most shared the
view Whitcombe captured in the opening
quote to this article.
Literature is filled with references to the
beauty and the creativity that is the foundation of mathematics. The vision of an
ideal mathematics classroom is one where
“students confidently engage in complex
mathematical tasks…draw on knowledge
from a wide variety of mathematical topics,
sometimes approaching the same problem
from different mathematical perspectives
or representing the mathematics in different ways until they find methods that
enable them to make progress” (NCTM,
2000, p. 3). Yet, many students find their
time filled watching as mathematical methods are demonstrated and committing to
memory facts and algorithms (Pehkonen,
1997). These students often develop the
conception of mathematics as a discipline
where knowledge is complete and the mastery of mathematics is simply a digestive
process, not a creative one (Dreyfus and
Eisenberg, 1996). Allowing creativity back
into our classrooms is essential to rekindle
an interest
in mathematics.
Ginsburg (1996) saw the essence of
mathematics not as producing the correct
answers, but thinking creatively.
Yes,
accuracy is important as the students’
responses must fit the context of the problem and be mathematically correct, but
strict emphasis on accuracy discourages
students from taking risks and creating
their own contextual understanding of
mathematics. All too often I hear both
teachers and employers comment about
the inability of our students to use mathematics productively, yet how often do we
provide such opportunities in our classrooms?
Most of the mathematical concepts we
routinely teach in our classrooms were

born in controversy, often debated for long
periods of time by the mathematicians of
earlier eras. Yet we expect our students to
memorize and accept without question the
rules and algorithms that were the product
of those debates. One such debate was
the concept of negative numbers. In the
19th century, Busset attributed the introduction of negative numbers as the reason
for failures in the teaching of mathematics
in France (Boye, n.d.). It was often common practice to ignore negative answers
as meaningless. Our students today still
struggle with negative numbers and may
revisit the same debate. Rather than distill
the concept to a set of rules, and in doing
so imply that mathematics is all about
the application of rules, why not let our
students know that their questions are the
same as those that puzzled mathematicians for centuries?
Mathematical creatively can be thought
of as “the ability to see new relationships
between techniques and areas of application and to make associations between possibly unrelated ideas” (Tammadge as cited
in Haylock, 1987, p. 60). Balka’s 1974
article in the Arithmetic Teacher, Creative
Ability in Mathematics, is frequently cited
in literature on mathematical creativity. In
this brief, three-page article, Balka offers
five attributes of creativity. These attributes, qualities we must strive to develop
in all students, are the ability to:
1.
2.
3.
4.
5.

Formulate mathematical hypotheses
Determine patterns
Break from established mindsets to
obtain solutions in a mathematical
situation
Sense what is missing and ask questions
Consider and evaluate unusual mathematical ideas, to think through the
consequence from a mathematical
situation (divergent)

At the 2006 NAGC national convention, I
offered sample activities for each of these
attributes. A copy of that presentation,
The Essence of Mathematics, is available on my web site at http://www.edci.
purdue.edu/elmann/. There you will also
find links to some of my favorite mathematics education resources that you may
find useful.
Two other programs that
emphasize mathematical creativity are
Project M3: Mentoring Mathematical Minds
(http://www.projectm3.org) and Extending
Process Skills for Able Mathematicians
(http://www.franassisi.rbkc.sch.uk/curriculum/centre_for_excellence.htm). Finally,
Rachel McAnallen, is a name very familiar to the veterans of the University of
Connecticut’s CONFRATUE (http://www.
gifted.uconn.edu/confratu.html), Purdue

University’s DISCOVER! (http://www.geri.
soe.purdue.edu/profdev/discover institute/default.html) or Edufest (http://www.
edufeast.org), her website (http://www.
mathchannel.com/) offers a wealth of
information to help you instill in your
students a love of the wonders of mathematics.
Students often tell me they are no good
at math. My response is, “How do you
know?” to which they reply with comments about performance in school or difficulty in solving problems quickly. Over
the years, these students have learned to
equate mathematics with algorithms, the
learning of rules, and ability to find the
answer the teacher is expecting. A sixth
grader’s comment that, “It doesn’t make
much sense. But, we are in math class,
so I guess it does here,” or a calculus
student’s comment that, “In math, I do
things just the opposite way from what
I think it should be and it almost always
works” (Linquist, as cited in Heibert et al.,
1997, p. vii), are illustrative of the impact
such instruction can have. If taught that
there is only one right answer or only
one correct method, a student’s concept
of mathematics as only the application of
mathematical techniques is reinforced.
The way we teach mathematics is a
significant contributor to this perception.
Köhler (1997) illustrates this point in a
discussion with an elementary classroom
teacher about a student who had arrived
at the correct answer in an unexpected
way. Rather than delight in the student’s
creativity, the teacher responded:
While going through the classroom,
that pupil asked me [the teacher]
whether or not his solution was correct. I was forced to admit that it
was. That is what you get when you
don’t tell the pupils exactly what to
do….” The teacher now reproaches
himself for not having prevented this
solution. He is obviously influenced
by an insufficient understanding of
what is mathematics, by the image of
school as an institution for stuffing of
brains…. (p. 88 (emphasis added))
Constant emphasis on sequential rules
and algorithms may prevent the development of creativity, problem solving skills
and spatial ability (Pehkonen, 1997). If
we want to deepen our students’ understanding of mathematics, then we need
to recognize that the mastery of rules,
algorithms, rules and strategies is not the
end goal of mathematics education. Our
students should use these procedural tools
to explore, test, revise and defend their
solutions to meaningful problems.
Mathematics is meant to be performed,
not just practiced. In sports, language
arts, or music we practice to improve performance; not just for the sake of practice.
Yet how often do our students see mathematics this way? Bogomolny’s (2000)
comments capture the change we need to
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make in our classrooms to restore a love of
mathematics and develop the mathematical potential of our students.
“Any” fruit of human endeavor shows
creativity, if you think about it. The interesting question to me is this: Why is it
that a student who is only playing other
people’s music instinctively understands
that those composers were creative,
and that s/he might aspire to the same
kind of creativity -- or, in English class,
instinctively understands that those writers were creative, even when s/he is just
reading their creations and answering
quiz questions about them -- but doesn’t
have the same instinctive understanding
that Euclid and Newton and Pascal and
Gauss and Euler were creative mathematicians? The most obvious answer
has to do with the way these disciplines
are taught.
Recommend Further Reading
Bogomolny, A. (Feb 2000). What is your
answer to that question? Cut the
Knot! Retrieved on August 15, 2006
from http://www.cut-the-knot.org/
ctk/Magic.shtml
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Koshy, V. (2001). Teaching mathematics
to able children. London: David Fulton
Publishers.
Sheffield, L. J. (Ed.) (1999). Developing
mathematically promising students.
Reston, VA: National Council of
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The information contained in this article
aligns with the following Pre-K-Grade 12
Gifted Program Standards: Curriculum
Instruction (2, 3, 5). For a complete copy
of the Standards, visit www.nagc.org.
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